Abstract: In this paper we characterize certain class of almost Kenmotsu metrics satisfying the Miao-Tam equation.
Introduction
A classical problem in differential geometry is to find Riemannian metrics on a given compact manifold M n that provides constant scalar curvature. In this sense, it is crucial to study the critical points of the total scalar curvature functional through variational approach. Einstein and Hilbert proved that the critical points of the total scalar curvature functional S : M −→ R defiend by
on a compact orientable Riemannian manifold (M n , g) (where M denotes the set of all Riemannian metrics on (M n , g) of unit volume, r g the scalar curvature and dv g the volume form of g) restricted to the set of all Riemannian metrics M of unity volume are Einstein (see [2] ). This stimulated many interesting research. In [7] the authors studied the variational properties of the volume functional over the space of constant scalar curvature on a given compact Riemannian manifold with boundary. This leads to the following definition Definition 1 Let (M n , g), n > 2 be a compact Riemannian manifold with a smooth boundary metric ∂M. Then g is said to be a critical metric if there exists a smooth function λ : M n → R such that
on M and λ = 0 on ∂M, where ∆ g , ∇ 2 g λ are the Laplacian, Hessian operator with respect to the metric g and S is the (0, 2) Ricci curvature of g. The function λ is known as the potential function.
For brevity, the metrics which satisfies (1.1) are known as Miao-Tam critical metrics and we refer the equation (1.1) as Miao-Tam equation. In [7] , Miao-Tam prove that any Riemannian metric g satisfying the equation (1.1) must have constant scalar curvature. From which it follows that a critical metric g always has constant scalar curvature. The existence of such metrics was proved on some certain classes of warped product spaces which include the usual spatial Schwarzschild metrics and Ads-Schwarzschild metrics restricted to certain domains containing their horizon and bounded by two spherically symmetric spheres (cf. Corollary 3.1 and Corollary 3.2 of [6] ).
In [7] , the authors classified Einstein and conformally flat Riemannian manifold satisfying (1.1). In fact, they proved that any connected, compact, Einstein manifold with smooth boundary satisfying Miao-Tam critical condition is isometric to a geodesic ball in a simply connected space form R n , H n or S n . Similar characterization was obtained when g is a conformally flat metric on a simply connected manifold M such that the boundary of (M, g) is isometric to a round sphere. We also note that the last result has been generalized in dimension 4 under the Bach flat assumption by BarrosRibeiro [1] . Recently, the authors studied equation (1.1) on certain class of odd dimensional Riemannian manifold, namely contact metric manifold (see [8] ). Particularly, it was proved that a complete K-contact metric satisfying the Miao-Tam critical condition is isometric to a unit sphere S 2n+1 . This result intrigues us to study the Miao-Tam equation on other almost contact metric manifolds. In this paper, we classify certain class of almost Kenmotsu manifold which satisfies Miao-Tam equation.
Preliminaries
A contact manifold is a Riemannian manifold M of dimension (2n + 1) which carries a global 1-form η such that η ∧ (dη) n = 0 everywhere on M. The form η is usually known as the contact form on M. It is well known that a contact manifold admits an almost contact metric structure on (ϕ, ξ, η, g), where ϕ is a tensor field of type (1, 1), ξ a global vector field known as the characteristic vector field (or the Reeb vector field) and g is Riemannian metric, such that
for all vector fields X, Y on M. It follows from equation (2.1) that ϕξ = 0 and η • ϕ = 0 (see [3] , p.43). A Riemannian manifold M together with the almost contact metric structure (ϕ, ξ, η, g) is said to be a almost contact metric manifold. On almost contact metric manifolds one can always define a fundamental 2-form Φ by Φ(X, Y ) = g(X, ϕY ) for all vector fields X, Y on M. An almost contact metric structure of M is said to be contact metric if Φ = dη, and is said to be almost Kenmotsu manifold if dη = 0 and dΦ = 2η ∧ Φ. Further, a condition for an almost contact metric structure being normal is equivalent to vanishing of the (1, 2)-type torsion tensor 
In [14] , Kenmotsu proved that a warped product of a line and a Kählerian manifold admits a Kenmotsu structure. In fact, a Kenmotsu manifold M is locally a warped product I × f M 2n , where I is an open interval with coordinate t, f = ce 2t is the warping function for some positive constant c and M 2n is a Kählerian manifold. In an almost Kenmotsu manifold we define a operator h by h = 1 2 £ ξ ϕ on M, where £ ξ is the Lie differentiation with respect to ξ. On an almost Kenmotsu manifold (see [9, 11] )
3)
for any vector field X on M; where ∇ is the operator of covariant differentiation of g.
) is said to be a generalized (κ, µ)-almost Kenmotsu manifold if ξ belongs to the generalized (κ, µ)-nullity distribution, i.e.,
for all vector fields X, Y on M, where κ, µ are smooth functions on M.
for all vector fields X, Y on M, where h ′ = hoϕ and κ, µ are smooth functions on M. Moreover, if both κ and µ are constants in Eq. (2.6), then M is called a (κ, µ) ′ -almost Kenmotsu manifold. Classifications of almost Kenmotsu manifolds with ξ belong to (κ, µ)-nullity distribution and (κ, µ) ′ -nullity distribution have done by several authors. For more details, we refer the reader to [9, 11, 12] . The following formulas are valid on a generalized (κ, µ) or (κ, µ)
′ -almost Kenmotsu manifold (e.g., [11] )
Consider X ∈ D be an eigenvector of h ′ with eigenvalue σ, where D is the distribution such that D = ker(η). It follows from (2.7) that σ 2 = −(κ + 1) and therefore κ ≤ −1 and σ = ± √ −κ − 1. The equality holds if and only if h = 0 (equivalently, h ′ = 0). Thus, h ′ = 0 if and only if κ < −1.
Main Results
Before entering into our main results we now recall the following
Recently, Wang-Liu [9] obtained the expression of Ricci operator on generalized (κ, µ) or (κ, µ) ′ -almost Kenmotsu manifold.
can be expressed as
for any vector field X on M. Also, the scalar curvature of M is 2n(κ − 2n).
For n > 1, the Ricci operator Q of M can be expressed as
for any vector field X on M. Further, if κ and µ are constants and n ≥ 1, then µ = −2 and hence
4)
for any vector field X on M. In both case, the scalar curvature of M is 2n(κ − 2n).
We now deduce the expression of the curvature tensor that satisfies the Miao-Tam equation
for any vector fields X, Y on M and f = − rλ+1 n−1
.
Proof:
The equation (1.1) can be exhibited as
for any vector field X on M. Now, tracing (1.1) we obtain △ g λ = − rλ+n n−1 . Then the Eq. (3.6) transform into
for any vector field X on M. Taking the covariant derivative of (3.7) along an arbitrary vector field Y on M, we obtain
for any vector field X on M. Applying the preceding equation and (3.7) in the well known expression of the curvature tensor
, we obtain the required result.
Dileo and Pastore (Proposition 4.1 of [11] ) proved that on a (κ, µ) ′ -almost Kenmotsu manifold, µ = −2. So, we consider the Miao-Tam equation on (κ, −2)
′ -almost Kenmotsu manifold with h ′ = 0 and prove
If there is a non-constant function λ on M satisfying the Miao-Tam equation, then M 3 is locally isometric to the Riemannian product H 2 (−4) ×R, and for n > 1, M 2n+1 is locally isometric to the warped products Proof: Since the scalar curvature of (κ, −2) ′ −almost Kenmotsu manifold with h ′ = 0 is 2n(κ − 2n) (follows from lemma 3.3), the equation (3.5) can be written as
for any vector fields X, Y on M. Now, substituting X by ξ in (3.8), then taking its inner product with ξ and using (2.8) we get
for all vector field Y on M. Taking covariant derivative of (2.8) along an arbitrary vector field Y on M we have (
By virtue of (2.4), the last equation gives
for any vector field Y on M. Now, using (3.10) and (2.3) in (3.9) provides
for all vector field Y on M. Further, taking the scalar product of (2.6) with Dλ and then replacing X by ξ in the resulting equation and recalling h ′ ξ = 0 and g(Y, Dλ) = Y λ gives
for any vector field Y on M, where we use µ = −2. Combining the last two equations it follows that
Now, operating the foregoing equation by hϕ and using hξ = 0 yields n(κ + 1)hϕDλ + h 2 ϕ 2 Dλ = 0. By virtue of (3.12), (2.7), ϕξ = 0 and the 1st Eq. of (2.1), the preceding Eq. provides
Moreover, making use of (2.1) the last equation reduces to (κ + 1){n 2 (κ + 1) + 1}{Dλ − (ξλ)ξ} = 0. Since κ < −1, the foregoing Eq. gives
Thus, we have either n 2 (κ + 1) + 1 = 0, or n 2 (κ + 1) + 1 = 0.
Case I: In this case, we have κ = −1 − 1 n 2 . For n = 1, κ = µ = −2 and therefore from Theorem 4.2 of Dileo and Pastore [11] we deduce that M 3 is locally isometric to the Riemannian product H 2 (−4) × R and for n > 1, M 2n+1 is locally isometric to the warped products
Case II: In this case, it follows from (3.13) that Dλ = (ξλ)ξ. Taking covariant derivative of Dλ = (ξλ)ξ along an arbitrary vector field X on M and using (2.1), (2.4), we deduce
(3.14)
Since the scalar curvature (from Lemma 3.3) is 2n(κ − 2n), the Eq. (3.7) can be written as
for any vector field X on M. Making use of (3.14) in (3.15) it follows that
for any vector field X on M. Comparing this with (3.4) we deduce that . By virtue of this, Eq. Therefore, operating equation (3.16) by ϕ 2 and taking into account (3.18) we infer that {(ξλ) + 2nλ}ϕ 2 h ′ X = 0 for any vector field X on M 2n+1 . Further, making use of the first Eq. of (2.1), h ′ = h • ϕ, hϕ = −ϕh and ϕξ = 0, the last Eq. reduces to
for any vector field X on M. By virtue of (3.18), the equation (3.19) gives
and which is constant. This completes the proof.
Next, we extend the last result for a generalized (κ, µ) ′ −almost Kenmotsu manifold. Note that the metric satisfying the Miao-Tam equation has constant scalar curvature (see [7] ). Further, the scalar curvature of generalized (κ, µ)
′ −almost Kenmotsu manifold with h ′ = 0 is 2n(κ − 2n) (follows from lemma 3.3). Hence, it follows that κ is constant. Therefore, from lemma 3.1 we have (κ + 1)(µ + 2) = 0 . Since κ < −1, we must have µ = −2. Thus from the last theorem we have
If there is a non-constant function λ on M satisfying the Miao-Tam equation, then g is locally isometric to the warped products 1) . Then it satisfies the curvature equation (3.5) . Therefore, taking the scalar product of (3.5) with ξ, and then using (2.8), r = 2n(κ − 2n) (follows from lemma 3.2) we achieve
for all vector fields X, Y on M. Since the metric satisfying (1.1) has constant scalar curvature (see [7] ) and r = 2n(κ − 2n), it follows that κ is constant.
Hence the equation (3.10) also valid here. Now, making use of (3.10) and (2.3) in (3.20), we immediately infer that
for all vector fields X, Y on M. Next, putting X = ϕX and Y = ϕY in (3.21) and noting that g(R(ϕX, ϕY )Dλ, ξ) = 0 (follows from (2.5)) and hϕ = −ϕh we have
for all vector fields X, Y on M. Therefore, using (3.2) and hϕ = −ϕh we have λµh 2 ϕ 2 X = 0 for any vector field X on M. Thus, by virtue of (2.1) and (2.7), the last equation yields (κ + 1)λµϕ 2 X = 0 for any vector field X on M. Since κ < −1, the foregoing eqiation provides λµ = 0. Since h = 0, i.e., κ < −1, the last equation gives Dλ − (ξλ)ξ = 0. Taking covariant derivative of Dλ = (ξλ)ξ along an arbitrary vector field X and using (2.1), (2.4), we deduce
Since the scalar curvature is 2n(κ − 2n) (follows from lemma 3.2), the Eq. Further, operating (3.25) by ϕ and using (3.27) and hϕ = −ϕh we get {2(n − 1)λ + (ξλ)}hϕ 2 X = 0. Moreover, using (2.1) and recalling ϕξ = 0, the last Eq. provides {2(n − 1)λ + (ξλ)}hX = 0. Making use of (3.27), the preceding Eq. transform into {2(n − 1)λ − κλ − 1 2n }hX = 0. Since h = 0, the last Eq. shows that 2n{2(n − 1) − κ}λ − 1 = 0. As κ < −1, this shows that λ is constant. Therefore, it follows from equation (1.1) that S = − g. Since Qξ = 2nκξ, from the foregoing equation we deduce that κ = −1 on O, which is a contradiction. Hence λ is trivial on M. This completes the proof.
